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Abstract
Majorana bound states in topological Josephson junctions induce a 4pi period
current-phase relation. Direct detection of the 4pi periodicity is complicated
by the quasiparticle poisoning. We reveal that Majorana bound states are
also signaled by the anomalous enhancement on the critical current of the
junction. We show the landscape of the critical current for a nanowire Joseph-
son junction under a varying Zeeman field, and reveal a sharp step feature
at the topological quantum phase transition point, which comes from the
anomalous enhancement of the critical current at the topological regime. In
multi-band wires, the anomalous enhancement disappears for an even num-
ber of bands, where the Majorana bound states fuse into Andreev bound
states. This anomalous critical current enhancement directly signals the ex-
istence of the Majorana bound states, and also provides a valid signature for
the topological quantum phase transition.
Keywords:
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transition, Topological superconductors, Josephson effect
1. Introduction
The study of topological superconductivity has seen considerable progress
since the theoretical proposal of implementing proximity effect to convert
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the conventional s-wave superconductivity into topological non-trivial p-wave
superconductivity[1, 3, 4, 5, 2]. In general, topological superconductors con-
tain all superconducting systems with a well defined non-zero topological
number[6, 7]. In practice, however, topological superconductors often refer
to those superconductors where the non-trivial topology give rise to a type of
bizarre boundary states, the Majorana bound states (MBSs)[8, 9, 10, 11, 12].
MBSs are self-conjugate superconducting quasiparticles, which obey non-
Abelian statistics[13, 14, 15]. Spatially separated MBSs define non-local
topological qubits which are immune from local decoherence[6]. Braiding
the MBSs acts as topological gates on these topological qubits[6, 13]. There-
fore, MBSs are considered as a promising cornerstone for realistic quantum
computation[16], despite that these topological gates are not sufficient to
make universal quantum operations.
MBSs have been reported in a number of experiments[17, 18, 19, 20, 24,
25, 22, 26, 23, 21], which mostly study the hybrid systems consisting of a
conventional s-wave superconductor and a spin-orbit coupling nanowire[17,
18, 24]. The wire becomes topological superconducting with a combina-
tion of appropriate Zeeman energy, fine tunned chemical potential, strong
spin-orbit coupling, and proximity induced Cooper pairing. Each end of the
wire pins one MBS, which brings in unique transport signatures such as the
resonant Andreev effect[27], the crossed Andreev effect[28], the quantized
thermal conductance[29], and the fractional Josephson effect[9, 30]. The
fractional Josephson effect draws particular interest since it is a phase co-
herent signal. It describes the coherent single electron tunneling through the
MBS channel, which contributes a 4pi period current-phase relation[9]. Di-
rect measurement of this 4pi period current-phase relation is hindered by the
stringent requirement of complete elimination of the quasiparticle poisioning
and MBS poisioning[31].
Quasiparticle poisioning is the external single-electron tunneling into nanowire,
causing decoherence in the system. MBS poisioning is the annihilation of two
MBSs causes by the strong interaction between them. Up to now, only in-
direct signals have been discovered experimentally in several systems[18, 22,
26].
Aside from the current-phase relation, Josephson junctions are also char-
acterized by the critical current, which is the threshold of the phase driving
current. For a topological Josephson junction, the critical current consists of
two parts: the 4pi period component from the Majorana channel and the 2pi
period component carried by the quasiparticle channels[32]. The former is
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Figure 1: (Color online). Schematic setup of a Majorana Josephson junction, with two
conventional superconductors connected by a spin-orbit couping nanwire. A voltage gate
is applied in the middle of the wire to produce a tunneling barrier. Four Majorana bound
states γ1,2,3,4 stay at the two sides of the tunneling barrier and the two ends of the wire.
small in comparison with the latter for bulk systems, since there is only one
Majorana channel but many other quasiparticle channels[33]. However, the
one-dimensional topological Josephson junction behaves differently when the
electron tunneling is suppressed by a tunneling barrier. For these systems,
the number of quasiparticle channels is restricted. In addition, each quasi-
particle channel contributes only a small current for a high tunneling barrier,
since it involves a second order perturbation process. In contrast, the Ma-
jorana channel contributes a larger Josephson current through a first order
perturbation process. Therefore, the MBSs should contribute a much larger
critical current than the conventional quasiparticle channels for nanowire
topological junctions. If the wire is switched between topological and triv-
ial states by a control parameter such as the Zeeman energy, we expect an
anomalous sharp step for the critical current at the topological quantum
phase transition (TQPT) point. The TQPT was predicted to be signaled by
a quantized thermal conductance in Ref [29]. Here, we propose using this
critical current anomaly as an alternative signal for the TQPT.
In this work, we show the existence of anomalous critical current enhance-
ment in one-dimensional topological Josephson junctions. For this purpose,
we adopt a nanowire hybrid Josephson junction as sketched in Fig. 1. The
system consists of two conventional s-wave superconductors and a spin-orbit
coupling nanowire. The wire is divided by a tunneling barrier which is pro-
duced by a voltage gate. This hybrid junction walks through a TQPT be-
tween the trivial phase and the topological superconducting phase when the
Zeeman energy is increased from zero. We show that the critical current
of the junction increases by orders when the system enters the topological
phase, and exhibits a step-like feature at the TQPT point. We also study
the behavior of the critical current when the Zeeman field is rotated, and
show that the critical current anomaly also appears at the TQPT point. We
further reveal that this step-like anomaly disappears for wires with an even
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number of sub-bands due to the fusion of the MBSs. These anomalous fea-
tures for the critical current provide a signal for the TQPT and the existence
of the MBSs, which must be helpful experimental detection since measuring
the critical current is a routine procedure in experiments.
The rest of this paper is organized as follows. We present a toy model and
the analytical results based on perturbation calculations in section II. Then
we use Bogoliubov-de Gennes (BdG) approach to simulate the critical current
of a realistic nanowire junction, and show the results for the increasing and
rotating the Zeeman fields in section III. Afterwards we study the critical
current for multi-layer systems in section IV. Finally, we give a summary in
section V.
2. Toy Model and Critical Current Enhancement
The Majorana Josephson junction is consisting of a superconducting
nanowire which is divided into two segments by a voltage gate[17]. We view
these two segments as two isolated wires, which are connected by the electron
tunneling through the potential barrier. The minimal model for each seg-
ment is an one-dimensional chain with spin-orbit coupling, Zeeman energy,
and superconducting pairing[35],
Hα = −tα
∑
〈i,j〉,α,σ
c†i,α,σcj,α,σ +
∑
i,α
∆αe
iφαc†i,α,↑c
†
i,α,↓
+ηα
n∑
i,α,σ,σ′
c†i+1,α,σ(iσy)σσ′ci,α,σ′ − µα
∑
i,α,σ
c†i,α,σci,α,σ
+
∑
i,α,σσ′
c†i,α,σ(Vxσx)σσ′ci,α,σ′ , (1)
where α = L,R represents the left and the right segments of the wire, σ =↑, ↓
represents the spin of the electron, t is the nearest neighbor hopping in the
tight-binding model, µ is the chemical potential, η represents the spin-orbit
coupling, ∆ is the superconducting gap from the proximity effect, φ is the
superconducting phase, and Vx is the Zeeman energy from the horizontal
Zeeman field. For simplicity, we consider identical parameter for the two
segments tα = t, ηα = η, ∆α = ∆, and Vα = V . However, this does not
change the physical results. The left chain is connected to the right chain
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with an electron tunneling Hamiltonian,
HT = T
∑
σ
(c†L,0,σcR,0,σ + c
†
R,0,σcL,0,σ). (2)
where T is the tunneling matrix between the two segments. To avoid quasi-
particle poisioning and MBS poisioning, we assume that the system is in open
boundary condition and the nanowire is long enough to seperate MBSs. In
this paper, we assume each segment has 500 sites.
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Figure 2: (Color online). The critical current of the single-band Josephson junction in
response to the Zeeman energy Vx. The solid, dashed, and dotted lines are for the case of
tunneling matrix T = 0.002t, 0.005t, and 0.01t, respectively. Each curve was normalized
to the value of Vx = 0 for clarity. We choose the parameters in proportion to ∆, other
parameters are taken as µ = −43.6∆, t = 22∆, η = 2.68∆. Each current value in Vx=0
are 6.4× 10−7 e∆2~ , 4.0× 10−6 e∆2~ , 1.6× 10−5 e∆2~ , respectively.
The tunneling matrix is well controlled by the voltage gate. When the
voltage gate creates a high potential barrier, the tunneling matrix T becomes
small and serves as a valid perturbation parameter. In the perturbation ap-
proach, two types of tunneling processes contribute to the Josephson current:
the second order tunneling process through the quasiparticle channels, and
the first order tunneling process through the MBSs[15]. We now make a
qualitative estimation on the amplitude these two tunneling processes. We
first examine the supercurrent from the quasiparticle channels. For this pur-
pose, we take the trivial limit of zero spin-orbit coupling and Zeeman energy
η = Vx = 0. Then the two segments become two simple one-dimensional
s-wave superconductors. In this case, we can calculate the Josephson current
with standard Green function technique (see appendix for details). The low-
est order contribution to the current is second order in the tunneling matrix.
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We obtain a 2pi period Josephson current I = I1 sin θ, with θ = φL − φR the
phase difference between the two chains. The critical current is
I1 =
e∆T 2
2(1− µ2/4t2)~t2 , (3)
where e represents the electron charge. We notice that this critical current
indeed quadratically depends on the tunneling matrix T , which reflects the
second order perturbation contribution in the tunneling processes.
We next consider the supercurrent carried by the MBS channel. The
tight-binding model described by Eq. (1) enters the topological state in
the presence of appropriate spin-orbit coupling and large Zeeman energy
V 2x > ∆
2 + (µ − 2t)2. Four MBSs appears at the four ends of the two
chains. The two MBSs in the junction area, γ1 and γ2 couple together and
contribute to the Josephson current. They support coherent single electron
tunneling, which gives a psudo-4pi periodicity in the current-phase relation
(see appendix for details). We obtain a Josephson relation I = Im〈iγ1γ2〉 sin θ2
with the critical current,
I2 =
eνT
2~
, (4)
where ν =
∑
σ〈γ1γ2c†L,0,σcR,0,σ〉 is the overlapping between the wave function
created by the tunneling Hamiltonian and the wave function created by the
two MBSs. The critical current is linearly depending on the tunneling ma-
trix, which is a signature of the degenerate perturbation contribution. The
current-phase relation of this Josephson current is unique. It not only de-
pends on the phase difference θ but also depends on the quantum average
Majorana parity state 〈iγ1γ2〉. This gives an extra degree of freedom for the
Josephson relation, which leads to three typical scenarios. First, if the quasi-
particle poisoning and the Majorana poisoning are totally ignored, the Ma-
jorana parity operator iγ1γ2 is a conserved quantity. Then we have an exact
4pi period Josephson relation I = ±I1 sin θ/2. This is the so-called fractional
Josephson effect which has been well discussed in literature[32, 34]. Second,
if the adiabatic processes are considered and all poisoning are included[9], the
Josephson relation will reduce to a skewed 2pi period one I ≈ I2 cos θ/2| cos θ/2| sin θ/2.
In experiments, this skewed 2pi period Josephson relation is also used as a
signal for MBSs[23, 21]. Finally, if the Majorana parity operator is treated
as a quantum psudo-spin, we would have a correlated dynamics of the phase
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difference and the psudo-spin[36]. The former obeys the classical Newton
equation and the latter obeys the Shcro¨dinger equation. This correlated dy-
namics leads to rich phenomena, and provides methods for controlling the
Majorana qubit[36].
We focus on the comparison between the critical currents of the Majorana
channel and the conventional channel, as presented in Eqs (3) and (4). The
Majorana channel gives a Josephson current which linearly depends on the
tunneling matrix T , while the conventional Josephson current is a quadratic
function of T . We look at the ratio between these two critical currents, and
obtain a ratio of
R = I2/I1 =
(1− µ2/4t2)νt2
∆T
. (5)
We find that this ratio R must be a large number for tunneling barrier junc-
tion which has a small tunneling matrix. It becomes larger when we reduce
the tunneling matrix T by increasing the voltage on the gate. In principle,
we have no limit on reducing the tunneling matrix. At small T limit, we face
a tremendous increasing of the critical current when the system goes from
the trivial phase into the topological phase. If we check the behavior of the
critical current as a function of the control parameter, say Zeeman energy,
we must find a sharp step-like function at the TQPT point.
3. Critical Current Steps at the Topological Quantum Phase Tran-
sition Point
We have obtained analytic results of the critical current of the junction
for two typical parameters. One is for the trivial phase with the critical cur-
rent shown in Eq. (3) and the other is for the extreme topological phase with
the critical current shown in Eq. (4). However, we must access to the critical
current for general parameters if we want to study the TQPT, because the
TQPT involves a continuous modulation of a control parameter. This task
is difficult analytically. Therefore we adopt the numerical BdG approach
to obtain Josephson current of the spin-obit coupling chain model shown in
Eqs. (1) and (2). In the BdG approach, we calculate the energy spectrum
En of the total Hamiltonian as a function of the phase difference θ, and ob-
tain the Josephson current with phase derivative of the energy spectrum[37],
I(θ) = e~
∑
n ∂En(θ)/∂θ. The maximal value of the Josephson current gives
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the critical current of the junction. We change the Zeeman energy Vx and cal-
culate the critical current every time. Finally, we obtain the critical current
as a function of the Zeeman energy, and show the results in Fig. 2. We study
three different tunneling matrix. For clear comparison, we normalized each
curve with its value for Vx = 0. We see that all three critical currents exhibit
step-like features around the TQPT point Vx =
√
∆2 + (µ− 2t)2. The steps
become steeper for smaller tunneling matrix due to the increasing of the ratio
R in Eq. (5). This anomalous critical current provides a clear marker for
the TQPT. We already show that the critical current enhancement directly
comes from the Majorana channel. Therefore, the critical current anomaly
also gives a valid signal for the existence of MBSs.
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Figure 3: (Color online). The critical current of the one-band Josephson junction in
response to a rotating Zeeman field (a) on the entire junction and (b) only on the right
lead.
In experiments, another method to achieve TQPT is to rotate the Zeeman
field[17]. The study of rotating the Zeeman field on nanowire systems has
provided interesting results. Zero energy excitations are found robust within
certain Zeemn field directions, which agree with the theoretical predictions.
However, the energy gap closing, which should happen at the TQPT points,
is not observed[17]. Here, we show that the critical current is a good signal
for marking the TQPT when the Zeeman field is rotated. The rotation of
the Zeeman energy requires a y-component in the Zeeman energy. We add
one more term in the Hamiltonian of the chain in Eq. (1),
H ′ = H +
∑
r,σσ′
c†r,σ(Vyσy)σσ′cr,σ′ , (6)
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where Vy represents the Zeeman energy in the y-direction. We fix the am-
plitude of the Zeeman energy V =
√
V 2x + V
2
y and rotate its angle. Then we
calculate the critical current of the junction. We first consider a rotation of
the magnetic field in the total junction, and show the results in Fig. 3a. We
find that The critical current is at the maximum when the direction of the
Zeeman field is along the x-axis. This large critical current is mainly carried
by the Majorana channel. Then the critical current gradually decreases with
the rotation of the Zeeman energy.This should come from the reduction of
the MBS wave function overlapping factor ν. When the rotation becomes
larger, the TQPT happens and the critical current suddenly drops to a small
value. This small critical current is entirely carried by the quasiparticle chan-
nel, therefore is not sensitive to the rotation of the Zeeman field. Finally, the
Zeeman field is rotated in the reverse direction and the TQPT happens again.
The critical current rises and reaches the maximum when the magnetic field
rotates to the inverse of the x-axis. We then consider the situation for only
rotating the Zeeman field on the right chain, with the results shown in Fig.
3b. We obtain similar results. However, the critical current is asymmetric to
the rotation angle, since the MBS wave function overlapping is suppressed
when the two chains have opposite Zeeman fields.
The angle dependence of the critical current gives a full landscape. This
should be helpful for the experiments. The critical current is easy to measure.
Therefore, it could provides information on the TQPT for those systems
where the energy gap closing is not observed at the TQPT points.
4. Multi-band Model
Realistic nanowires can be multiband systems, with the number of the
sub-bands determined by the width of the wire. We model the multi-band
wires by expanding the chain into multi-layers. Therefore, the Hamiltonian
in Eq. (1) should be slightly modulated into,
HL,R = −t
∑
〈r,r′〉,σ
c†r,σcr′σ +
∑
r,σσ′
c†r,σ(Vxσx)σσ′cr,σ′ (7)
+
η
2
∑
r,σ,σ′
(c†r+δx,σ(iσy)σσ′cr,σ′ − c†r+δy,σ(iσx)σσ′cr,σ′)
+
∑
r
(∆eiφL,Rc†r,↑c
†
r,↓ + h.c)− µ
∑
r,σ
c†r,σcrσ,
9
where r is the position of the multi-layer chain, and δx is the unit step in
the x-direction. The energy spectrum and eigenfunctions of this multi-chain
model have been studied[38]. The results show that end MBSs fuse and
disappear for even number of layers, while MBSs still exist for odd-layer sys-
tems. Here we study the critical current of the multi-chain system by adding
a tunneling Hamiltonian similar to Eq. (2), where the electron tunneling are
restricted to the same layer. We show the critical current for one, two, and
three layers in Fig. 3. We see that the critical current anomaly exist for
odd number of layers and disappear for even number of layers. This directly
links the critical current anomaly with the existence of free MBSs. For even-
layer system, all MBSs pair together and forms local Andreev bound states.
These Andreev bound states also carry Josephson current, but through sec-
ond order tunneling processes. Therefore, the critical current enhancement
disappears. We also notice that the step become smoother with increasing
layers. It comes from the enhancement of the critical current of quasiparti-
cle channels, which increases with increasing layers. If the number of layers
is large, the system changes from quasi-1d into quasi-2d. Then the critical
current enhancement will entirely disappear.
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Figure 4: (Color online). The critical current of the multi-band Josephson junction in
response to the Zeeman energy Vx for the case of (a) one-band system, (b) two-band
system, and (c) three-band system. Parameters are taken the same as in Fig. 2. Each
current value in Vx=0 are 1.6× 10−5 e∆2~ , 2.6× 10−4 e∆2~ , 3.4× 10−4 e∆2~ , respectively.
5. Conclusion
In summary, we study the critical current in the topological nanowire
Josephson junction, where a potential barrier suppresses the tunneling strength.
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We investigate the tunneling processes which contribute to the Josephson
current and give analytical results of the critical current for typical param-
eters in the topological phase and the trivial phase. We find that the ratio
between these two critical currents is linearly depending on the tunneling
matrix. Therefor there must be a critical current anomaly between these two
phases when the tunneling matrix is small enough. We then use Bogoliubov-
de Gennes approach to investigate the critical current under increasing and
rotating Zeeman fields. We show that the critical current indeed has a sharp
step-like feature at the topological quantum phase transition. We then study
multi-band systems, and find that the critical current enhancement disap-
pears for even-layer systems, where the Majorana bound states fuse into An-
dreev bound states. Our study provides an experimentally accessible signal
for the topological quantum phase transition and the existence of Majorana
bound states.
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Appendix A. Critical Current from Quasiparticle Channel
The Josephson current from the quasiparticle channel can be obtained by
considering the trivial limit of zero spin-orbit coupling and Zeeman energy,
η = Vx = 0. For this simple parameter, the two superconducting segments
become conventional s-wave superconductors, and the tunneling Josephson
current is given as[39],
I(t) = −e〈dNL
dt
〉 = −ei
~
〈[H,NL]〉 (A.1)
= −ei
~
∑
σ
〈ψ(t)|Tc†L,0,σcR,0,σ − h.c|ψ(t)〉,
where where |ψ(t)〉 is the ground state wave function of the total system.
We implement periodic boundary conditions for the two lead of the junction.
This does not change the results since no edge state exist in the trivial phase.
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Then we can make Fourier transformations c†L,j,σ =
1√
N
∑
k e
−ikjc†k,σ, and
cR,j,σ =
1√
N
∑
p e
ipjcp,σ, with N the number of sites at each lead. The current
is rewritten as,
I(t) = − e
N~
Im
∑
k,p,σ
〈ψ(t)|Tc†k,σcp,σ|ψ(t)〉 (A.2)
=
e
N~
Im
∑
k,p,σ
T 〈ψ0|e−iHtc†k,σcp,σeiHt|ψ0〉,
where |ψ0〉 is the ground state at the time origin. For non-degenerate system,
this ground state evolution is obtained by going to the interaction represen-
tation,
IS(t) =
e
N~
Im
∑
k,p,σ
T 〈φ0|S†(t,−∞)cˆ†k,σ(t)cˆp,σ(t)S(t,−∞)|φ0〉, (A.3)
where cˆ represents the operators in the interaction representation, φ0 is the
ground state wave-function in absence of the tunneling Hamiltonian, S(t, t′)
is the S-matrix obtained by the evolution operator, which could be expanded
to the first order as,
S(t,−∞) =
[
1− i
∫ t
−∞
dt1HˆT (t1)
]
+O(T )2, (A.4)
We omit higher order perturbations and take the lowest order contributions.
The current is expressed as a correlation function,
I(t) = − eT
2
N2~
∑
k,p,k′,p′σ
∫ ∞
−∞
dt′Θ(t− t′)〈φ0|[cˆ†k,σ(t)cˆp,σ(t), cˆ†k′,σ(t′)cˆp′,σ(t′)]|φ0〉.
(A.5)
This correlation function can be analytically calculated with the standard
Green function technique[39], where we could draw out the Josephson current
part as,
I = 2eIm[e−2ieV t/~Πret(eV )], (A.6)
where the retarded Green function is the analytic continuation of the Mat-
subara Green function,
Πret(iΩ) = 2T
2
∑
k,p,iω
=†(k, iω)=(p, iω − iΩ), (A.7)
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where =† is the off-diagonal Matsubara Green function in superconductors.
We finally obtain the dc Josephson current by taking eV = 0,
I = I1 sin θ, (A.8)
with a critical current,
I1 =
e∆2T 2
N2~
∑
k,p
1
EkEp(Ek + Ep)
, (A.9)
where the energy spectrum of the superconductor isEk =
√
(−2t cos k − µ)2 + ∆2.
The summation for the critical current changes into an integration in the con-
tinuous limit,
I1 =
4e∆2T 2NLNR
N2~
∫ ∞
∆
dE
ρ(E)
E
∫ ∞
∆
dE ′
ρ(E ′)
E ′
1
E + E ′
, (A.10)
where NL and NR are the average density of states near the Fermi surface,
and ρ(E) = E√
E2−∆2 is the superconducting density of states. This integral
over energy is an elliptic integral, which can be integrated out as,
I1 =
2pi2eNLNR∆T
2
N2~
. (A.11)
For one-dimensional tight-binding system, the Fermi wave vector is deter-
mined by the hopping term and the chemical potential kF = arccos(−µ/2t).
The density of the states at the Fermi surface is the inverse of the slope of
the dispersion function NL = NR =
N
pi2t sin kF
= N/2pit
√
1− µ2/4t2. Plugging
this back into Eq. (A9), we arrive at the formula for the critical current in
Eq. (3),
I1 =
e∆T 2
2(1− µ2/4t2)~t2 . (A.12)
Appendix B. Josephson Current From Majorana Channel
When the junction enters the topological phase, four isolated MBSs ap-
pears in the edges of the wire. Two of them γ′L and γ
′
R locate at the ends of
the wire, while the other two γL and γR locate at the two sides of the junction.
These four MBSs form the four-fold degenerate ground state for the topolog-
ical superconductor. This ground state degeneracy prevents the application
13
of the standard interaction picture and S-matrix expansion. However, we can
use a degenerate perturbation approach to obtain the current. We illustrate
the calculation of the Majorana Josephson current with the simple Kitaev
model which grasps the essence of the topological superconductivity. The
Hamiltonian for the two segments of the wire writes as,
HK =
∑
j
[
−tc†jcj+1 + eiφL,Rcjcj+1 + h.c.
]
− µ
∑
j
c†jcj, (B.1)
where φL,R represents the superconducting phase for the left and right su-
perconductors, respectively. We take identical parameters for the two super-
conductors for simplicity. Follow Kitaev, we take the transformation from
electron representation to Majorana representation[9],
γj,A = e
iφL,Rcj + e
−iφL,Rc†j (B.2)
γj,B = −ieiφL,Rcj + ie−iφL,Rc†j.
Then the model is rewritten with Majorana operators,
HK =
−iµ
2
∑
j
γj,Aγj,B +
i(t+ ∆)
2
∑
j
γj,Bγj+1,A
−i(t−∆)
2
∑
j
γj,Aγj+1,B]. (B.3)
The electron tunneling across the junction connects the left and the right
superconductors, which is described by a tunneling Ham
HTK = Tc
†
L,0cR,0 + h.c. (B.4)
where T is the tunneling matrix. The current through the junction comes
from the electron tunneling, which can be expressed as[39],
I(t) = −ieT
~
〈ψ(t)|c†L,0cR,0 − h.c|ψ(t)〉, (B.5)
We notice that the expression for the current is quite similar to the conven-
tional junction. However, we have a key difference that the ground state
|ψ(t)〉 is now degenerate. Therefore it is impossible to go to the interac-
tion representation and apply Green function technique. We must calculate
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the current with the degenerate perturbation theory. In the zero’s order
degenerate perturbation approach, we restrict the wave function |ψ(t)〉 into
the Hilbert-subspace expanded by the degenerate ground states of the un-
perturbed Hamiltonian without tunneling HKT , and ignore all terms which
project the wave function out of this subspace. We remember that the de-
generate ground states of Kitaev model are defined by the end Majorana
operators, therefore, we massage the formula Eq. (B5) by expanding the
electron operators with Majorana operators,
I(t) = −eT i
2~
〈ψ(t)|(γL,0,BγR,0,A − γL,0,AγR,0,B) sin θ
2
+(γL,0,AγR,0,A + γL,0,BγR,0,B) cos
θ
2
|ψ(t)〉, (B.6)
where θ = φL − φR is the phase difference across the junction. Let us first
consider the special parameter of µ = 0 and t = ∆, where the two zero
energy Majorana operators γL,0,B and γR,0,A are the Majorana zero modes
which define the unperturbed degenerate ground states. Then we drop all
three terms which project |ψ〉 out of the degenerate ground state subspace,
and take the only term which is expressed by the zero energy Majorana
operators,
IM(t) =
eT
2~
sin(θ/2)〈ψ(t)| − iγL,0,BγR,0,A|ψ(t)〉, (B.7)
where the ground state wave function |ψ(t)〉 evolves according to the Schro¨dinger
equation,
−i~ d
dt
|ψ(t)〉 =
[
T
2
(−iγL,0γR,0) cos(θ/2)
]
|ψ(t)〉. (B.8)
For the general parameters of µ 6= 0 or t 6= ∆, the zero energy MBSs are
the combination of the Majorana operators[9],
γL =
∑
j
ajγL,j,B, γR =
∑
j
bjγR,j,A. (B.9)
These two MBS are localized near the junction area, that is, a0 ≈ 1, aj 6=0 ≈ 0,
and same for bj. Then the current is expressed as,
IM(t) =
νeT
2~
sin(θ/2)〈ψ(t)| − iγLγR|ψ(t)〉, (B.10)
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where ν = a0b0/4 comes from the overlapping between the tunneling operator
c†L,0cR,0 and the MBS operator iγLγR. We arrive at the critical current shown
in Eq. (4),
I2 =
eνT
2~
. (B.11)
For these general parameters, there is a exponentially small but non-zero
coupling between the two MBSs at the junction γL and γR and the two MBSs
at the two ends γ′L and γ
′
R, which provides a small coupling Hamiltonian,
Hδ = iδLγ
′
LγL + iδRγRγ
′
R. (B.12)
where δL,R are exponentially suppressed by the length of the wire. This
coupling Hamiltonian is small; however, it qualitative changes the quantum
dynamics of the ground state wave function ψ(t), which is now governed by
the Schro¨dinger equation,
−i~ d
dt
|ψ(t)〉 =
[−iνT
2
γLγR cos(θ/2) +Hδ
]
|ψ(t)〉. (B.13)
We see that the Hδ break the local parity conservation defined by the two
MBSs γL and γR around the junction, thereby in principle destroys the 4pi
period Josephson effect.
Appendix C. BdG Formalism for Josephson Current
We use BdG equation to get the Josephson current by solving Hamilto-
nian,
H = HL +HR +HT , (C.1)
where HL, HR and HT are described in euqtion (1) and (2). Each term in
Hamiltonian is bilinear term of c† and c, with a series of parameters such as
t, ∆ and θ. For a series of constant parameters such as t0, ∆0 and θ0, we can
use BdG method to transform electrons and holes into quasi-particles which
can diagonalize the Hamiltonian. The relation between electrons, holes and
quasi-particles is BdG equation,
ci↑ =
∑
n
un↑γn + v∗n↑γ
†
n (C.2)
ci↓ =
∑
n
un↓γn + v∗n↓γ
†
n, (C.3)
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where γ†n(γn) represents the creation(annihilation) operator of quasi-particles,
un and vn are a series of parameters that we choose to diagonalize the Hamil-
tonian. Then the Hamiltonian is written as
HBdG = Eg +
∑
n
nγ
†
nγn, (C.4)
where Eg represents the ground-state energy, and n is the quasi-particle
energy. All the negative quasi-particle wave function are summed up to
forms the ground state of the Hamiltonian. The quasi-particle energies n
are affected by the value of a series of parameters. To calculate the current-
phase relation, we choose phase difference θ to be changeable. In this way,
the quasi-particle energies n are functions of phase difference θ, and the
Hamiltonian is the function of phase difference θ too,
HBdG(θ) = Eg +
∑
n
n(θ)γ
†
nγn. (C.5)
Then we take the derivative of all the negative quasi-particle energies to give
the current phase relation,
I(θ) =
ge
~
∑
n
d
dθ
n(θ), (C.6)
where g represents the factor that counts spin and other degeneracies. To
simplify the calculation, we make ge~ = 1.
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